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Abstract. We have studied the possibility of post-quantum theories more nonlocal
than the (standard) quantum theory using the modification of the quantum probability
rule under the no-signaling condition. For this purpose we have considered the situation
that two spacelike separate parties Alice and Bob share an entangled two qubit system.
We have modified the quantum probability rule as small as possible such that the first
local measurements are governed by the usual Born rule and the second measurement
by the modified quantum probability rule. We have shown that only the maximally
entangled states can have higher nonlocality than the quantum upper bound while
satisfying the no-signaling condition. This fact could be a partial explanation for why
the nonlocality of the quantum theory is limited. As a by-product we have found the
systematic way to obtain a variety of nonlocal boxes.
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1. Introduction
Quantum mechanics is nonlocal in the sense that no local hidden variable theories can
simulate quantum mechanical correlations [1]. The nonlocality of quantum mechanics
can be demonstrated by a violation of inequalities on measurable correlations. In the
Clauser-Horne-Shimony-Holt (CHSH) inequality the degree of violation is represented
by the value of the CHSH parameter B [2]. The quantum upper bound of B, the degree
of nonlocality, is known as Tsirelson’s bound B = 2√2 [3]. The nonlocality of quantum
mechanics, however, is not maximum as found by Popescu and Rohrlich [4]. They
derived “superquantum” correlation by using two axioms of nonlocality and relativistic
causality. The maximum value 4 of B is obtained for Popescu-Rohrlich (PR) nonlocal
boxes [4]. The nonlocality of the PR box is limited only by the no-signaling principle
whereby no information can be transferred faster than the speed of light. Therefore we
naturally ask a question on the possibility of the existence of modified quantum theories,
so called post-quantum theories, which are more nonlocal than the quantum theory and
limited only by the no-signaling principle.
The properties of post-quantum theories are studied by several authors in an
information theoretic view [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. As far as we
know, however, there is no approach to find post-quantum theories by extending the
quantum theory directly. The main postulates of the quantum theory are consisted
of two parts. One is for a system and a time evolution of the system, which is based
on a ray in a Hilbert space and a unitary evolution operator [17]. The other is for
a measurement interpretation. Hilbert space based description of physical states is
natural for a linear quantum mechanics. Projective measurement postulate, however, is
justified only by experiments. The study on the possibility of higher-path interferences
than two-path interference which corresponds to the generalization of the Born rule has
been done both in theories and in experiments [18, 19, 20]. Therefore modifications of
measurement postulates are good candidates for extending the quantum mechanics to
more nonlocal post-quantum mechanics.
In the present paper, we treat the problem to find the possibility of post-quantum
theories by asking a question of simulating the PR box by modifications of quantum
probability postulate for quantum measurements. The standard quantum probability
rule known as the Born rule is considered to be restricted by Gleason’s theorem
[21]. Gleason’s theorem states that the only consistent probability assignment for all
projection operators on Hilbert spaces dimension at least three must follow the standard
quantum probability rule. In our study we will consider an entangled state which lives
in 4-dimensional Hilbert space, therefore, it seems the modification of the Born rule
is prohibited by Gleason’s theorem in simple-minded consideration, however, in our
bipartite system only the local projection operators for each party are allowed. On
the other hand, to prove Gleason’s theorem all possible projection operators including
the global operators must be involved. Moreover, the noncontextuality of probability
induced by Gleason’s propositions is lack of physical basis. We impose the no-signaling
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condition instead of the noncontextuality which is compatible with the relativity on the
Hilbert space formalism of the physical states. We will organize this paper as follows.
We will explain the formalism of the modification of the Born rule in section 2. In section
3 we will show the joint probability distribution of the PR box can be simulated by the
maximally entangled state under the modified Born rule. In section 4 we will study the
nonlocality of other nonlocal boxes which can be obtained systematically by changing
the observables and the quantum probability rule. In section 5 we will summarize our
results and discuss the implications of the results.
2. The formalism for the modification of the Born rule
In our study, we assume that a physical state is described by a vector |ψ〉 in a Hilbert
space with usual norm |ψ| = 〈ψ|ψ〉1/2. A physical observable is represented by a linear
and Hermitian operator A. An observable A has real eigenvalues {a1, · · · , ad} and
mutually orthonormal eigenvectors {|φ1〉, · · · , |φd〉}, where d is the dimension of the
Hilbert space. Physical observables satisfy the following measurement postulates: i) an
outcome of measurement is always an eigenvalue of A. ii) The probability of an outcome
ak for an initial state |ψ〉 is obtained with f(ak) = |〈φk|ψ〉|2. iii) The quantum state
after the measurement that gives the outcome ak reduces to the corresponding eigenstate
|φk〉. Where f(ak) is the function which assigns the probability for the outcome ak. The
postulate ii) is the quantum probability rule, which is called the Born rule. The Born
rule states that 〈A〉 = tr (ρA) in a density matrix formulation. Where 〈A〉 is the
expectation value of the observable A and ρ is a density operator |ψ〉〈ψ|.
Let us analyze the modification of the quantum theory. For this purpose, let us
consider the possibility of changing the postulate ii) of the quantum measurement.
According to Gleason’s theorem probability assignment for each vector of an
orthonormal basis {|φ1〉, · · · , |φd〉} associated with the state vector |ψ〉 must be f(ak) =
|〈φk|ψ〉|2 under a non-contextual condition, in dimensions at least three. In our study
we will consider entangled states of two qubits which live in 4-dimensional Hilbert
space, hence, it seems that the modification of the Born rule is restricted by Gleason’s
theorem. This, however, is not the case in our physical situation. Suppose Alice and
Bob are in spacelike separated positions and share an entangled state. We impose a
physical requirement that every projective measurement by Alice and Bob must be
local. This requirement is compatible with the theory of relativity. Therefore only
product type local projectors such as PA ⊗ PB are allowed, where subscripts A and B
represent Alice and Bob respectively. For simplicity we assume that Alice measures first
and Bob measures second so that we only involve PA1⊗PB2 in our theory. In Gleason’s
proposition, however, any projection operators are allowed so our situation is different
from the proposition of Gleason. We impose only the condition of the no-signaling
and local observables as a physical requirement on the Hilbert space formalism of the
physical state. The condition of the no-signaling and local observables is compatible
with the theory of relativity which restricts faster-than-light signaling.
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We prefer that the modification from the quantum theory is as small as possible.
Therefore we will use the standard Born rule for the quantum measurements of Alice
and modify the Born rule only for the quantum probability rule of Bob. First we will
explain the modification of the Born rule in two-dimensional Hilbert space for simplicity.
For a linear and Hermitian operator A with two orthonormal eigenstates |φ0〉 and |φ1〉,
when a system in a state |ψ〉 = α0|φ0〉+ α1|φ1〉 is measured, measurement probabilities
to get outcomes a0 and a1 are modified from the Born rule to more general functions
such as
f(a0) = F0(α0, α1) and f(a1) = F1(α0, α1), (1)
respectively. Where F0(α0, α1) and F1(α0, α1) are some non-negative functions which
satisfy the following obvious conditions; F0(α0, α1) + F1(α0, α1) = 1 (normalization),
F0(α0, α1) = F1(α1, α0) (bases relabeling invariance), F0(α0, α1) = F0(|α0|, |α1|) (phase
redefinition invariance), and F0(α0, α1) = F0(sα0, sα1) (state normalization). The
Born rule corresponds to F0(α0, α1) = |α0|2/(|α0|2 + |α1|2). We will call this modified
assignment for measurement probability as ’modified quantum probability rule’. After a
measurement the state |ψ〉 is projected either to |φ1〉 or |φ2〉 as the same in the quantum
mechanics.
3. The joint probability distributions under the modified Born rule
We will first apply this modified quantum probability rule to study the possibility of
simulating the PR box.
3.1. PR box
Suppose Alice and Bob share two boxes with inputs and outputs in their locations. Let
x, y ∈ {0, 1} be inputs of Alice and Bob, and a, b ∈ {0, 1} be outputs for Alice and Bob
respectively. The PR box is defined by these two boxes with inputs and outputs having
the following hypothetical correlations:
a⊕ b = xy, (2)
where ⊕ denotes an addition modulo 2. For the above correlations the joint probability
P (a, b|x, y) = 1/2 and for the other cases P (a, b|x, y) = 0. We have used a normalization
in which the sum of 4 possible outcomes to the given inputs is unity. It is known that
the PR box correlations are nonlocal and cannot be reproduced classically and quantum
mechanically [4].
3.2. Physical situations
Our purpose is to study the possibility of making the hypothetical correlations of the PR
box between Alice and Bob by quantum states with the modified quantum probability
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Figure 1. (Color online) The schematic diagram for measurement axis of Alice and
Bob.
rule for Bob’s measurement. Now suppose that the following entangled state is shared
between Alice and Bob,
|ψ〉AB = α| ↑〉A| ↓〉B + β| ↓〉A| ↑〉B, |α|2 + |β|2 = 1, (3)
where subscripts A and B represent Alice and Bob respectively as before. | l〉 are
eigenstates of Pauli operator σz. Suppose the outcomes of | ↑〉 and | ↓〉 are 0 and 1
respectively for σz measurement to use the same notation as the outputs of the PR box.
Alice and Bob each have two different axis of measurement such as in Fig. 1, where the
arrowhead represents the measurement direction which gives outcome 0. The outcome
corresponding to the opposite direction is 1. Where the angle θ is measured from the
positive z-axis to the positive x-axis. Alice measures along one of two directions z and
θ which correspond to one of two inputs x = 0 and x = 1. The relations between
eigenstates of σz and σθ are as follows
| ↑〉A = cos θ
2
|θ〉A + sin θ
2
|θ⊥〉A, | ↓〉A = − sin θ
2
|θ〉A + cos θ
2
|θ⊥〉A. (4)
Where |θ〉 and |θ⊥〉 are two orthonormal eigenstates of σθ corresponding to outcomes
0 and 1 respectively. Bob takes measurements along either −z (y = 0) or θ˜ (y = 1)
directions. Then relationships similar to Eq. (4) hold between eigenstates {| ↑〉B, | ↓〉B}
and {|θ˜〉B, |θ˜⊥〉B}. We will explain calculations of P (a, b|x, y) for the initial state |ψ〉AB
with some typical inputs and outcomes under the ’modified quantum probability rule’
for Bob’s measurement and summarize all results.
We assume Alice and Bob are not moving relative to each other in order not to make
any complexity related to simultaneity. Under our proposition the measurement of Alice
is taken first and the quantum probability rule for Alice is governed by the usual Born
rule. After the measurement of Alice the projected state becomes the pure separable
state and so Bob’s measurement is taken on the pure state in his two-dimensional
Hilbert space. The probability of Bob’s measurement will follow the modified quantum
probability rule.
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3.3. Calculations for the joint probabilities
Let us first consider a calculation of P (0, 0|0, 0). In our case the P (0, 0|0, 0) is calculated
by the probability of outcome b = 0 in Bob’s y = 0 measurement under the condition
that Alice’s outcome a = 0 is given in her x = 0 measurement. The outcome a = 0 for
x = 0 is given only by α| ↑〉A| ↓〉B term of the initial state in Eq. (3). The projection
probability from the initial state to | ↑〉A| ↓〉B state is |α|2 since this projection is
taken by Alice’s measurement. After the measurement of Alice, Bob’s state projected
onto the state | ↓〉B because of the entanglement. This state gives outcome b = 0
for the measurement y = 0 with probability 1. Therefore P (0, 0|0, 0) = |α|2. For
measurement axis x = 0 and y = 0 there are no new results related to the modified
quantum probability rule for Bob’s measurement since the state of Bob after Alice’s
measurement is not a superposition of two outcome states. That is, f(a0) = 1 for
f(a1) = 0 and vice versa in Eq. (1).
Next consider y = 1 case, for example, P (0, 0|0, 1). For a = 0 and x = 0 the state
of Bob is projected onto | ↓〉B with probability |α|2 as before. Since Bob will take the
y = 1 measurement, the state of Bob must be rewritten as
| ↓〉B = − sin θ˜
2
|θ˜〉B + cos θ˜
2
|θ˜⊥〉B, (5)
by using the eigenstates of the y = 1 measurement, |θ˜〉B and |θ˜⊥〉B corresponding
to outcomes 0 and 1 respectively. The outcome probability will be obtained by our
’modified quantum probability rule’ such that the probability of outcome b = 0 for
y = 1 measurement will be F0(− sin θ˜2 , cos θ˜2). Therefore
P (0, 0|0, 1) = |α|2F0(− sin θ˜
2
, cos
θ˜
2
). (6)
One of other nontrivial cases is P (0, 0|1, 0). Here Bob’s measurement looks the
same as that in the first case of P (0, 0|0, 0), however, the nontriviality appears because
of the different measurement of Alice. To get this joint probability Alice must take her
measurement with σθ first. In this case the initial state must be rewritten by using the
eigenstates of x = 1 measurement such as
|ψ〉AB = |θ〉A
{
α cos
θ
2
| ↓〉B − β sin θ
2
| ↑〉B
}
(7)
+ |θ⊥〉A
{
α sin
θ
2
| ↓〉B + β cos θ
2
| ↑〉B
}
.
Then the probability of outcome a = 0 for x = 1 is |α cos θ
2
|2 + |β sin θ
2
|2 according to
the Born rule. After the measurement of Alice the state of Bob is projected onto the
following normalized state,
1√
|α|2 cos2 θ
2
+ |β|2 sin2 θ
2
{
α cos
θ
2
| ↓〉B − β sin θ
2
| ↑〉B
}
. (8)
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The probability of outcome b = 0 for y = 0 measurement will be F0(α cos
θ
2
,−β sin θ
2
)
according to the modified quantum probability rule. Therefore the result becomes
P (0, 0|1, 0) =
(∣∣∣∣α cos θ2
∣∣∣∣
2
+
∣∣∣∣β sin θ2
∣∣∣∣
2
)
F0(α cos
θ
2
,−β sin θ
2
). (9)
Note that only local measurement of Bob follows our new quantum probability rule and
the others are governed by the standard Born rule.
The summary of all results for the probability distributions P (a, b|x, y) are as
follows:
1. For x = 0 and y = 0 measurements,
P (0, 0|0, 0) = |α|2, P (1, 0|0, 0) = 0, (10)
P (0, 1|0, 0) = 0, P (1, 1|0, 0) = |β|2.
The total probability P (x = 0; y = 0) which is the sum of all possible outcomes for
inputs x = 0 and y = 0, i.e., P (0, 0|0, 0)+ P (1, 0|0, 0)+P (0, 1|0, 0)+ P (1, 1|0, 0) is 1 as
expected.
2. For x = 1 and y = 0 measurements,
P (0, 0|1, 0) = A1F0(α cos θ
2
, β sin
θ
2
),
P (1, 0|1, 0) = A2F0(α sin θ
2
, β cos
θ
2
), (11)
P (0, 1|1, 0) = A1F0(β sin θ
2
, α cos
θ
2
),
P (1, 1|1, 0) = A2F0(β cos θ
2
, α sin
θ
2
),
where A1 ≡ |α|2 cos2 θ2 + |β|2 sin2 θ2 and A2 ≡ |α|2 sin2 θ2 + |β|2 cos2 θ2 .
3. For x = 0 and y = 1 measurement,
P (0, 0|0, 1) = |α|2F0(sin θ˜
2
, cos
θ˜
2
)
P (1, 0|0, 1) = |β|2F0(cos θ˜
2
, sin
θ˜
2
) (12)
P (0, 1|0, 1) = |α|2F0(cos θ˜
2
, sin
θ˜
2
)
P (1, 1|0, 1) = |β|2F0(sin θ˜
2
, cos
θ˜
2
).
4. For x = 1 and y = 1 measurements,
P (0, 0|1, 1) = A1F0(C1, C2),
P (1, 0|1, 1) = A2F0(D1,D2), (13)
P (0, 1|1, 1) = A1F0(C2, C1),
P (1, 1|1, 1) = A2F0(D2,D1),
where C1 ≡ α cos θ2 sin θ˜2 + β sin θ2 cos θ˜2 , C2 ≡ α cos θ2 cos θ˜2 − β sin θ2 sin θ˜2 , D1 ≡
−α sin θ
2
sin θ˜
2
+β cos θ
2
cos θ˜
2
, and D2 ≡ α sin θ2 cos θ˜2 +β cos θ2 sin θ˜2 . Here only F0 appears
since we can represent F1(p, q) by F0(q, p) using bases relabeling invariance.
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We will study constraints on the functional form of modified quantum probability
F0(α0, α1) in Eq. (1) under the no-signaling condition. The no-signaling condition
between Alice and Bob requires that an outcome of Bob’s measurement must not
depend on the choice of measurement axes of Alice. This condition is satisfied when∑
a P (a, b|x, y) =
∑
a P (a, b|x˜, y) for all values of b and y. Where x˜ is 1 + x mod 2. As
a specific example let us consider b = 0 and y = 0 case. In this case the no-signaling
condition becomes P (0, 0|0, 0) + P (1, 0|0, 0) = P (0, 0|1, 0) + P (1, 0|1, 0) which gives
|α|2 (14)
=
(
|α|2 cos2 θ
2
+ |β|2 sin2 θ
2
)
F0(α cos
θ
2
, β sin
θ
2
)
+
(
|α|2 sin2 θ
2
+ |β|2 cos2 θ
2
)
F0(α sin
θ
2
, β cos
θ
2
)
The equality cannot be satisfied in general by arbitrary functions F0(p, q). Here θ is
the angle of Alice’s measurement axis so that Alice can determine her θ arbitrarily.
The theory which restricts on the measurement axis cannot be considered as a proper
physical theory. There are two kinds of solutions of Eq. (14) for arbitrary θ. One
is |α| = |β| which becomes the Bell state. The post-quantum theories must include
other states than the Bell state because of the symmetry of a Hilbert space. A unitary
evolution corresponding to a symmetry operation in a Hilbert space will change the Bell
state to other state in general. Therefore this solution cannot give a full physical theory.
Another kind can be found by setting θ = pi/2, then the functional form of F0(x, y) are
determined such as
|α|2 = F0( α√
2
,
β√
2
). (15)
Considering the state normalization condition this implies F0(α, β) = |α|2 which is the
Born rule. This implies even the minimal modification of the quantum probability rule
only for Bob is restricted by no-signaling condition. Therefore, we conclude that we
cannot make a post-quantum theory by the modification of the quantum probability
rule from the Born rule without violating no-signaling principle.
3.4. Simulating the PR boxes
It is still interesting, however, to consider whether the PR box can be simulated by our
model since the concrete mechanism for generating non-local boxes including the PR
box is lack except the linear combinations or wiring of two nonlocal boxes [11].
To simulate the non-local boxes we use the following explicit functional form for
the probability assignment
F0(α0, α1) =
|α0|n
|α0|n + |α1|n . (16)
When the initial state |ψ〉AB in Eq. (3) is the Bell state, i.e., for |α| = |β| = 1/
√
2 the
probability distributions P (a, b|x, y) become
P (0, 0|0, 0) = P (1, 1|0, 0) = 1
2
, (17)
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P (1, 0|0, 0) = P (0, 1|0, 0) = 0,
P (0, 0|1, 0) = P (1, 1|1, 0) = 1
2
| cos θ
2
|n
| cos θ
2
|n + | sin θ
2
|n ,
P (1, 0|1, 0) = P (0, 1|1, 0) = 1
2
| sin θ
2
|n
| cos θ
2
|n + | sin θ
2
|n ,
P (0, 0|0, 1) = P (1, 1|0, 1) = 1
2
| sin θ˜
2
|n
| cos θ˜
2
|n + | sin θ˜
2
|n
,
P (1, 0|0, 1) = P (0, 1|0, 1) = 1
2
| cos θ˜
2
|n
| cos θ˜
2
|n + | sin θ˜
2
|n
,
P (0, 0|1, 1) = P (1, 1|1, 1) = 1
2
| sin θ+θ˜
2
|n
| sin θ+θ˜
2
|n + | cos θ+θ˜
2
|n
P (1, 0|1, 1) = P (0, 1|1, 1) = 1
2
| cos θ+θ˜
2
|n
| sin θ+θ˜
2
|n + | cos θ+θ˜
2
|n
One can easily check that the no-signaling condition is satisfied for arbitrary θ, θ˜, and
n. This implies that there is no restriction on the measurement angle for the Bell
state. The condition that the above probability distributions reproduce the probability
distributions of the PR Box requires, in the limit of n→∞,∣∣∣ cos θ
2
∣∣∣ > ∣∣∣ sin θ
2
∣∣∣, ∣∣∣ sin θ˜
2
∣∣∣ > ∣∣∣ cos θ˜
2
∣∣∣ (18)
and
∣∣∣ cos θ + θ˜
2
∣∣∣ > ∣∣∣ sin θ + θ˜
2
∣∣∣.
To satisfy the above requirements, the angle θ must be either in the first or the fourth
quadrant and the angle θ˜ either in the second or the third quadrant. Additionally,
the angles θ and θ˜ also have to satisfy one of 0 < θ + θ˜ < pi
2
, 3pi
2
< θ + θ˜ < 5pi
2
and 7pi
2
< θ + θ˜ < 4pi. There is always a suitable θ˜ for any θ to satisfy one of those
conditions. For these angles the probabilities go to 1/2 for inputs and outcomes which
satisfy a ⊕ b = xy and zeros for others in the limit of n → ∞. These probability
distributions are the same as those of the PR box. Therefore the PR box can be
simulated by the Bell states with the modified quantum probability rule in Eq. (16) for
n =∞.
4. Other nonlocal boxes
The joint probability distributions in Eq. (17) are continuous functions of the angles
θ, θ˜ and the power n under the modified quantum probability rule Eq. (16), therefore,
they will describe other nonlocal boxes for other θ, θ˜ and n. The joint probability
distributions in our model is obtained by the modified quantum probability rule for
the quantum measurement so that different observable sets described by θ and θ˜ could
generate other joint probability distributions also depending on the power n of the
Limits on Quantum Probability Rule by no-Signaling Principle 10
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Figure 2. (Color online) (a) This shows the dependence of the CHSH value B(PNL
on the power n. (b) This shows the dependence of CHSH(P ) on θ˜ for n = 10 and
two different θ values, 3pi
8
and pi
4
.
modified Born rule. In this way we can get a variety of nonlocal correlations which
generate nonlocal boxes. Another interesting example is the nonlocal box (NLB) which
can be generated by the observables in the standard CHSH inequality [2]. We will study
the nonlocality of these nonlocal boxes in this section.
4.1. CHSH nonlocality for our non-isotropic NLBs
First we will study the nonlocality of the non-isotropic NLBs which is described by the
joint probability distributions in Eq. (17). We will explain what means the non-isotropic
boxes later. We will use the CHSH nonlocality [22] to measure the nonlocality of our
non-isotropic NLBs.
The CHSH nonlocality of our nonlocal boxes PNL is defined by the value
B(PNL) = max
xy
|Cxy(PNL) + Cxy˜(PNL) + Cx˜y(PNL)− Cx˜y˜(PNL)|, (19)
where x and y are two binary inputs and x˜ = x+ 1 and y˜ = y + 1 modulo 2 as before.
The Cxy is the correlation function defined as
Cxy(PNL) = P (0, 0|x, y) + P (1, 1|x, y)− P (0, 1|x, y)− P (1, 0|x, y). (20)
To find out the specific inputs x and y which give the maximum value for the CHSH
value B(PNL) we use the continuity of the joint probability functions with respect to
the power n. When n goes to infinity, the joint probability distributions becomes those
for the PR box which give the CHSH value 4. This corresponds to C11(PNL)→ −1 for
n→∞ so x˜ and y˜ must be 1. That is, x and y are 0.
Therefore the CHSH value of our non-isotropic NLBs for arbitrary n becomes
B(PNL) = 1 + g0(sin θ˜
2
, cos
θ˜
2
)− g1(sin θ˜
2
, cos
θ˜
2
) + g1(sin
θ
2
, cos
θ
2
) (21)
− g0(sin θ
2
, cos
θ
2
) + g1(sin
θ + θ˜
2
, cos
θ + θ˜
2
)− g0(sin θ + θ˜
2
, cos
θ + θ˜
2
),
where g0(α0, α1) = |α0|n/(|α0|n+|α1|n) and g1(α0, α1) = |α1|n/(|α0|n+|α1|n) The results
are shown in the Fig. 2. Fig. 2 (a) shows a monotonic increasing behavior of the CHSH
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value B(PNL) for the power n. The angles of measurement axes θ and θ˜ satisfy the
condition to simulate the PR box. In this figure θ = pi/4 and θ˜ = 11pi/8. Fig 2 (b)
shows the angle θ˜ dependence of the CHSH value for n = 20 which is large enough
for the CHSH value to saturate to its maximum value. The real line and dashed line
corresponds to θ = 3pi/8 and θ = pi/4 respectively. There are two kinds of change in
the graphs. The first kind of change occurs at different values of θ˜. This kind of change
occurs first in the real line and is followed by the dashed line. This is because θ + θ˜ of
the real line is greater than that of the dashed line. The θ+ θ˜ determines the probability
distributions for x = 1 and y = 1 as one can see in Eq. (17). The second kind of change
start at the same point, i.e., θ˜ = pi/2 and θ˜ = 3pi/2. These values are related with the
condition θ˜ must be either in the second or the third quadrant, pi/2 < θ˜ < 3pi/2 for the
CHSH value to be the maximum value for n→∞.
These results imply that the application of the modified quantum probability rule
provide the systematic way of obtaining new nonlocal boxes. These nonlocal boxes
are not isotropic since the correlation functions does not satisfy the condition for the
unbiased marginal distributions [23]
C00 = C01 = C10 = −C11. (22)
The properties of nonlocality such as information causality [12] and computational
complexity [10] et al. are studied by the nonlocal boxes so the discovery of the systematic
way to obtain new nonlocal boxes is very important.
4.2. Nonlocal boxes defined by the CHSH observables
The joint probability distributions in our model depend not only on the state and the
probability rule but the observables. It is interesting to consider the standard CHSH
observables and the CHSH inequality for the modified quantum probability rule. The
CHSH parameter B defined as
B = 〈QS〉 + 〈RS〉 + 〈RT 〉 − 〈QT 〉. (23)
Where Q = σAz , S = −(σBz + σBx )/
√
2, R = σAx , and T = (σ
B
z − σBx )/
√
2 are the CHSH
observables. The superscripts A and B represent Alice and Bob respectively. And σi’s
are Pauli matrices. In our case Alice measures first before Bob’s measurement. An
expectation value 〈QS〉 is a quantum correlation of two observables Q and S. Since
observables have eigenvalues ±1, the expectation value 〈QS〉 is calculated as follows
〈QS〉 = 1× P (1Q) {1× P (1S |1Q) + (−1)× P (−1S |1Q)} (24)
+ (−1)× P (−1Q) {1× P (1S | − 1Q) + (−1)× P (−1S | − 1Q)} .
P (±1Q) are probabilities to obtain eigenvalues ±1 respectively for the observable Q.
To calculate P (±1Q) the initial state must be expanded by using the eigenstates of the
observable Q. The probability of outcomes ±1 for observables Q and R of Alice are
determined by the Born rule in our model. After the projective measurement of Alice
the state of Bob will be projected to the pure state in the two-dimensional Hilbert space
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Figure 3. (Color online) The CHSH parameter B versus power n of the modified Born
rule of Bob. It shows B approaches quickly to 4 with increasing n. The dot represent
the quantum Tsirelson’s bound 2
√
2. The point BQ represents the B for the Born rule
of Bob.
in which the probability for Bob’s measurement is determined by the modified quantum
probability rule. For example the P (±1S |±1Q) are the conditional probability calculated
by using modified quantum probability rule for the observable S on the projected state
of Bob after projective measurement of Alice by the observable Q.
We can define the nonlocal boxes by the CHSH observables with the modified
Born rule. Let these nonlocal boxes be PCHSH(n), where n represents the dependence
on the power of the modified Born rule. The binary inputs x = 0 and x = 1 of
PCHSH(n) correspond to the measurements by R and Q respectively and y = 0 and
y = 1 to the measurements by T and S respectively. Then 〈RT 〉 becomes the same
as the correlation function C00(PCHSH(n)) defined in Eq. (20). As a result the CHSH
parameter B also becomes the same as the CHSH value B(PCHSH(n)). These nonlocal
boxes PCHSH(n) are isotropic nonlocal boxes which satisfy the condition of the unbiased
marginal distributions Eq. (22).
The CHSH parameter is calculated as
B = 4
√
2 +
√
2
n −
√
2−√2n√
2 +
√
2
n
+
√
2−√2n
(25)
Fig. 3 shows the dependence of the CHSH parameter B on the power n. When n changes
from zero to infinity, the CHSH B covers all values up to 4. Therefore the Bell state
with the modified quantum probability in Eq. (16) for arbitrary n can simulate nonlocal
boxes with all CHSH B higher than the quantum upper bound. When n goes to infinity
the CHSH parameter becomes the maximum value 4 as expected for the PR box. The
B goes to the approximate value 4 very rapidly so that B becomes approximately 3.999
for n = 10. According to Brassard et al. [7], the isotropic nonlocal boxes with B more
than 4
√
2/3 makes communication complexity trivial. This value 4
√
2/3 is achieved
for n ≈ 2.601.
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5. Discussions and Summary
The theory to make communication complexity trivial is strongly believed not to exist
[11]. There was, however, no concrete reason for this belief. In this paper we have studied
the possibility of the post-quantum theory candidates by applying the modified quantum
probability rule for the second party under the local measurement requirements. The
measurement of second party is always on the projected pure separable state so the
modification of the quantum probability rule is minimal. This minimal modification of
the quantum probability gives the post-quantum theory candidates which could have
the nonlocality greater than that of the quantum theory. These post-quantum theory
candidates, however, cannot be consistent with the symmetry of the Hilbert space which
requires the freedom on the angle of measurement axis. In the post-quantum theory
candidates the measurement angle for an arbitrary entangled state is restricted under
the no-signaling condition. In a linear quantum mechanics Hilbert space description
is natural so that we believe the only possible extension of the quantum mechanics
comes from the measurement postulates, especially, the quantum probability rule.
Therefore our study suggests that there is no physical theories other than the quantum
theory under the condition of the no-signaling principle and the local measurement
requirements. The theory with n ≤ 2 is not our concern since the nonlocality of those
theories are covered by quantum mechanics. Moreover, the nonlinear extensions of
quantum mechanics proposed by Weinberg [24] might be used to send superluminal
signals [24, 25, 26]. This reinforce our belief that there are no other physical theories
than the quantum mechanics under the condition of no-signaling principle and local
measurements. Therefore this could be a partial explanation for why the nonlocality of
the quantum theory is limited.
In summary, we have studied the effect of the modified quantum probability rule
for the quantum measurement on the nonlocality. The nonlocal quantum correlation
manifests itself by correlations of measurement outcomes. Therefore the modification of
the quantum probability rule for the measurement changes nonlocality between two
spacelike separate parties. The change of nonlocality was represented by the joint
probability distributions. The joint probability distributions, however, must be given by
the Born rule when the no-signaling condition and the freedom of choice of measurement
axes are required. Other quantum postulates than the quantum measurement postulates
are about Hilbert space which is hard to modify within physically reasonable bound.
We have shown that the probability distributions of the PR box can be approximately
simulated by our model using explicit function of the modified quantum probability.
When the power of quantum probability goes to infinity for proper values of the
measurement angles, the probability distributions of the PR box is reproduced by the
Bell state. We have shown that for the other value of the power and measurement angles
the Bell state can simulate various nonlocal boxes. We have found the probability
distributions for the anisotropic nonlocal boxes with the CHSH values up to 4. We
have shown the CHSH observables in the usual CHSH inequality generate the isotropic
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nonlocal boxes with the CHSH values up to 4. This implies that our model can be used
as a systematic way to obtain various nonlocal boxes. The nonlocal boxes with quantum
theory-like property will help to understand the non-locality related properties such as
communication complexity and information causality more deeply.
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